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Abstract

\sion analysis; binomial formula; computational procedure

Most physical and chemical processes encountered in chemical and process engineering often lead to differential equa-
tions which are as varied as the complex mass, momentum and energy transport processes they represent. Thus finding/
selecting the appropriate one to use in any given situation is not an easy task. Following the realization that the solution
of any differential equation can be generally expressed as a polynomial (truncated power series) which can be regressed by
the least square method, and the coefficients of the regressed model linked to that of the binomial formula led to a general-
ized computational procedure for solving a wide-range of differential equations in chemical and process engineering (both
initial and boundary value problems). The method was found to be computationally efficient and inexpensive as it is fast
converging and free from rounding off errors and overshoot.
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Introduction

Differential equations-used in most science and engineering
analysis- are particularly important in modeling chemical engineering
systems. As the physical and chemical laws governing these processes
(heat, mass, and momentum transfer) are complex, as well as the
chemical reactions, reaction heat, adsorption, desorption, phase
transition, multiphase flow, etc,associated with them, so also are the
differential models arising from them and include:, homogeneous/
non-homogeneous, linear/non-linear , constant/variable coeflicients,
1%, 2" or higher orders, and systems of simultaneous differential
equationsboth for Ordinary and partial differential equations.
Numerous methods have been developed for solving them. They
include:

e Exact methods such as Method of undetermined coefficients,
Integrating factor, Method of variation of parameters/separation
of variables[1,2].

e Approximate (but convergent) methods such as Successive
Approximations, Perturbation Theory, Multiple scale Analysis,
power series solutions, Generalized Fourier series/orthogonal
functions [3].
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which permits unrestricted use, provided the original author and source are
credited.

e Numerical methods such as: Euler methods; Trapezoidal rule;
Runge-Kutta methods; Finite difference methods ;Finite element
methods, gradient discretisationmethods[4-18].

Numerical techniques are particularly important since most
realistic deferential equations in chemical and process engineering do
not have exact analytic solutions, therefore, approximate/numerical
techniques, such as Runge-Kutta, Euler, Newton gradient methods,
finite difference/element) are used extensively.These methods have
proven rather successful in dealing with both linear and nonlinear
problems as well as initial boundary problems(IVP) and boundary
value problems(BVP). Despite these obvious advantages, they have
some demerits. Since they involve discretization, they have rounding
off errors and are computationally expensive, and in some cases will not
converge to the true solution.

A particular generalized procedure which is used to grind most
differential equations is the Power Series Method(PSM) (https://www.
researchgate.net/publication/293652327). This method has proven
rather successfulin dealing with both linear as well as nonlinear
problems, as it yields analytical solutions andoffers certain advantages
over standard numerical methods. It is free from rounding off
errorssince it does not involve discretization, and is computationally
inexpensive. In spite of the advantages of PSM, it has some drawbacks,
the major one being that it cannot handle boundary value problems,
as it can only handle initial value problems.Thus finding/selecting the
appropriate one to use in any given situation is not an easy task.
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In this article, we present a more generalized computational
approach, which is amodification of PSMusing the Binomial formula/
least square approximation, the goal being to use the same platform/
procedure tosimulate all differential equations in chemical and
process engineering(both initial and boundary value problems),and to
overcome the shortcoming of other methods.

Materials and Methods
Background and Motivating Examples

Usually we solve differential equations to obtain the value of the
dependent variable in terms of independent variable/s, which are
finally represented in graphs for better visualization and analysis.
These solution curves are as varied as the differential equations they
are representing. Thus the first step in unification/generalization is to
find a general expression that can fit all data/graphs as accurately as
possible. We know from statistics that any set of data (or expression)
can be regressed by the general least square method [19,20], and
generally, the higher the order of the regression, the more accurate the
solution becomes.Thusto fit an appropriate equation to the data, we use
regression analysis given generally as:

Y=a +aX+aX+a X’ +.. +aX(l1)

The coefhicients , a,,are found by least square method, applied to the
X-Y data,which results in the matrix:

P X X2 G X" a, Y
X >X? X3 X4 XM a XY
X2 G Xt X XM | a, XY
X3 X4 rX° >Xe XM | a, | = | ZXPY
zXn ZXn-H zXn+2 ZXn+3 ZXn+n an ZXHY (1 2)

Similarly the solution of any differential equation can be expressed
and regressed as a polynomial of the eq.1 form.Notice that polynomials
are simply finite or truncated power series. That is a polynomial is a
power series where the coefficients, a, beyond a certain point are all zero.
Thus the coefficients of the polynomial can be found by manipulating
power series by differentiation and theuse the Taylor series expansion.
These manipulations will lead to a recurrent relation- recursion
equation- given as:

k

l.
(k#2004 Do+ Y (k=4 Dy + ), ey =0 1

j=0 j=0

The above equation is called a recurrence relation for the coefficients
of the power series. For instance the first three equations of the relation
are:

(constant term) : 2ay + poa; + qotg = 0, 29
(coefficient of &)+ 3+ 2a3 + 2poas + pray + qoty + quag = 0, 23

(coefficient of &) : 4+ 3ag + 3poas + 2prag + poty + quats + Qg + gutg = 0, {24

Hence, once the first two coefficients, a; and a,, are known(which
are actually the initial boundary conditions) then all other coefficients
are determined by the recurrence relation. Thus PSM is limited to only
initial boundary value (IVP) problems as it cannot handle boundary
value problems (BVP) because of its recursive nature. In a nutshell,

the method admits a polynomial expression as the solution of the
differential equation, which when differentiated and substituted into
the differential equation gives a recurrence relation-recursive formula,
which by knowing the initial boundary conditions, gives the coefficients
of the polynomial expression, hence the solution of the differential
equation. This approach is adopted, with some modifications, in solving
differential equations(both initialand boundary value problems). All that
is needed is to find the right order and the right parameters(coefficients)
of the polynomial expression(representing the differential equation); by
modeling/numericalanalysis as this work shows.

Modeling

Let us start with a general second order linear ODE with both
constant and variable coeflicients as follows:

(k, +k,t + k2 )d>Y/ dt* + (k+k,t )dY/dt + kY + f(t) + k, = 0(3)

Notice that eq.3reduces to first order whenk = k= k, =0.The
solution can be regressed and given in terms of the general regression
expression (eq.1), thus:

_ 4 n- n- n
y=a,+tat+at +at +ati+a’t+...+a t"+a " +a t(4)
And

dy/dt=a; + 2a,t + 3ast” +4a,t> + 5a.t' + ... + (n-2)a_,t"*+ (n-1)a_ t*?
+na t** (5)

d?y/ dt*= 2a, + 6a,t + 12a4t* + 202, +.... + (n-3)(n-2)a t"*+
(n-2)(n-1)a_ t**+(n-1)n.a t™* (6)
substituting eqs 4 to 6 into eq.3:

(k+k+ k) (2a, + 6a,t + 12a,t> + 202’ +.... + (n-3)(n-2)a_,t™" +
(n-2)(n-1)a_t"* +

(n-Dn.a )+ (k+k,) (a1 + 2a,t + 3ast® +4a,t® + 5a.t* + ... + (n-2)
a_,t"+

(n-1)a_ t"2+na t°) +k(+at+a,+at +at* +at° + .. +a t"2+

a t"'+at’)+f(t) +k =0(7)

f(t) can be any function of t namely: linear, nonlinear, exponential,
trigonometric,Logarithmic, or their combinations. Whatever the form
or forms of f(t), the general procedure is to remodel and express in
terms of polynomial expressions within the solution interval, using the

least square regression analysis already explained. Thus:
fO=a +at+att+at+..a t"'+a t* m<n (8)

combining eqs.7and 8 and expressing in descending powers of t (for
m=n) implies:

[n(n-Dk +nk, +k)a + @ ]t" + [{n(n-1k, + nk}a + (n-1)(n-2)k, +
(n-Dk, +k }a |

+ anrl]t“'1+ +[20k2+ Sk4 + kS)a5 + (1!5]‘[5 + [(20kl + 5k3)a5

+ (12k, + 4k, +k,)ad + e Jt* + [20k a, + (12k, + 4k,)a, + (6k, + 3k,

3
+k)a, + a ]t

+ [12kja, + (6k, + 3k)a, + 2k, + 2k, +k,)a, + a,]t*+ [6ka, + (2k
+ 12k )a,

+(k, +k)a, + a Jt+ [2ka, + ka, +ka, +k +a ] =0(9)
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Thus dividing eq.7 by [n(n-1)k,+nk, +k,)a_+ @ ] to make the t

coeflicient, unityand rearranging:

t*+ [{n(n-Dk, + nk;}a / + (n-1)(n-2)k, + (n-1k, +k.}a_ +a  Jt*!/
[n(n-1)k,+

nk, +k)a + @ ]+ ... +[20k,+ 5k, + k,)a, + @,]t%/[n(n-1)k +nk, +k,)
a+a]+

[(20k, + 5k,)a+ (12k, + 4k, +k )a4 + @ ]t*/[n(n-1)k,+nk, +k)a_+
a ]/ [n(n-Dk,

+nk, +k)a + @ ] + [20ka, + (12k, + 4k )a + (6k, + 3k, +k,)a, + @]
£ /[n(n-1)k,

+nk, +k)a + & ]+ [12ka, + (6k, + 3k)a, + (2k, + 2k, +k )a, + @]
t*/[n(n-Dk,

+nk, +k)a + & ]+ [6ka, + (2k, + 12k )a, + (k, +k)a, + & ]t/[n(n-
Dk +nk, +k)a + & ]

+[2kpa, +ka, +ka +k, +a ]/ [n(n-Dk,+nk, +k)a + a ]=0(10)

Usually the range of values of independent variable,t is given or
specified over an interval t < t <t . Thus:

t=t,t t, t,---,t (11)

therefore
t-t=tt=tt=tt=..=tt=0(12)
This implies that:

t -t = 0i=0,1,2,3...,n(13)
Thus
(t-t)n=0t<t<t (14)

Egs. 10 and 14 are equivalent. This realization/discovery that eqs.10
and 14 are equivalent is the key to new computational method for
generalization of the method of simulating differential equations (both
IVP and BVP). Thus the parameters or coeflicients of eq,14 are linked
to those of eq.10using binomial formula:

(a + b)" = £ n!/{k!(n-k)!} bam*(15)

k=1
By comparing with eq.15, eq.14 becomes:

(t-t)" =2(-1)* n!/{k!(n-k)!} tt"*(16)
k=0
Expansion of eq.16 yields:

(t- )" =t nlAm-DI £ 07+ nl/f2(n-2)!} 2 2 -nl/{6(n-3)1} £ 3
+n!/{24(n-4)!} £ "

o + (-D™ nl/{(n-4)!(n+4)'} t™* t*+ (-1)** n!/{(n-3)!(n+3)!}
e

+ (-1)" nl/{n-2)!(n+2)!} £72 £+ (-1)" nl/{(n-D(n+1)1} £ t+(-1)
" (17)

Thus eq.17 and eq.10 are equivalent, and term by term comparison

result in the following equations that linked their coefficients:

[2kja, + ka, +ka, +k, + @]/ [n(n-1k,+nk, +k,)a + @ ]=(-1)" t"
(18.1)

[6ka, + 2k, +12k,)a, + (k, +k )a, + @ ]t/[n(n-1)k, +nk, +k)a + @ ]

=(-D™ n!/{(n-DI(n+1)} > (18.2)

[12k,a, + (6k, + 3k )a, + (2k, + 2k, +k )a_ + @,]¢/[n(n-1)k +nk, +k.)
a+al]

=(-1)** n!/{n-2)!(n+2)!} t>* (18.3){k,[20ka, + (12k, + 4k,)
a,+ (6k, + 3k, +k )a, + @.]t* /[n(n-1)k, +nk, +k)a + & ]

= (-D™ n!/{(n-3)!(n+3)!} t*? (18.4)

[(20k, + 5k )a+ (12k, + 4k, +k,)a4 + @ ]t*/[n(n-1)k,+nk, +k)a +
a

n

/ [n(n-Dk,+nk, +k)a + @ ] = (-1)"* n!/{(n-4)!(n+4)'} t™*
(18.5)

[{n(n-Dk, + nk}a / + (n-1)(n-2)k, + (n-Dk, +k }a_ +a ]t
/[n(n-1k,+nk, +k)a_+ & ]=- n!/{(n-1)!} t(18.n)

Thus there are n-equations (egs. 18.1 to 18.n) with n+1 unknown
parameters, a;,a,,a,,a,,a,,a,,...,a, thereby requiring additional equation/s,
which are found from the boundary conditions of the problem. Usually
the boundary conditions can be one( for IVP of first order) or two ( for
BVP of first order and IVP/BVP of second order). Let us consider the
two cases, and clearly visualize the procedures by considering n=>5. Thus

for n=5, eq.18 set reduces to:
[2kja, + ka +ka +k + @ ]=[(20k, + 5k, + k )a,+ @ ](-1£°)(19.1)

[6ka, + 2k, + 12k,)a, + (k, +k)a, + & ] =[(20k, + 5k, + k)a + &.]
(5t%) (19.2)

[12kga, + (6k, + 3k))a, + (2k, + 2k, +k )a, + ] =[(20k, + 5k, + k.)
aq+ a,](-10%)(19.3) {k, [20k a_ + (12k, + 4k )a, + (6k, + 3k, +k )a, + @]
=[(20k, + 5k, + k)a+ a.] (10t*)(19.4)

[(20k1 + 5k3)a5+ (12k2 + 4k4 +k5)a4 + a4] :[(20k2 + 5k4 + kS)a5+ as]
(-5t)(19.5)

Thus we have five equations (eq.19.1 to 19.5) with six unknowns
(a, to a). The remaining equation/s will come from the boundary

conditions as follows:
Case 1: One point boundary value problem.

for 1* order IVP, whereY(7) is given, thereby giving one boundary
equation, eq.4 in terms of the boundary condition provides the
remaining equation(for n=5) as:

Y(1)=a,+at+a1 +ar+ar!+a7° (19.6)

Rearrangingeqs. 19.1 to 19.6 result in the following sample

simulation matrix for one point IVP ODE’s:
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-(0.k,+ 0.k, +k) |-(0.k + Lk, -(2.k,) 0 0 (20k, + 5k, + k) (-t?) a, k +a -a/(t’)
-(0.k, + 1.k
0 © S ek r2k) |6k 0 (20K, + 5k, + k)G | a, a,- a5t
-2k, +2k
0 0 ( +21:: ek +3k) | 12k 20k, + 5k, +k)(-10t) | a, | = | @,-@.(-10t)
-(6.k k -(20k 20k, + 5k, + k)(1
0 0 0 ® +21:: )3 2k k) | OO Ot_§)+ S0 | a,-a.(10t?)
-(12.k, + 4.k, |-(20k, +5k,) + (20k, + 5k, + k)
0 0 0 0 A T S T A a,-a.(5t)
1 T 1 v i T a Y(7) (20)
Case 2: Two points boundary value problem. IVP:Y(t) and Y'(1)
Similarly for BVP of first order ODE or both for IVP and BVP of | (k.| (0 (12k, + | (20k, + K+, -
k, .
second order ODE,s where Y(7) and Y’(t)or Y(T )and Y'(T,) or Y(t)) |+0k,| k + | -(2k) 0 4(1(4'[:)1){/‘) ( il%%))/ a, a (-t9)
and Y(t,) pairsare given, thereby given two boundary equationsineach | +k,) | 1.k,) (__‘5 0 (__‘5 0 / (4_ 5 i[_)
case as follows: ok, ((12k; . (201(;1 i
(i) Y(r) and Y’(1) : from egs. 4 and 5, the boundary value equations 0 |+1k -2k, + -(6.k) 4k, + k)| +5k) a a-at)
become: +k )4 2.k) UL G G (-5t)
' > (-51) | (-51)
Y(t)=a +a T+a > +a, T+a, +a 1T°(21.1) -(12.k)
PR TR TR T @k, +| -6 |+ (12K, + (2;)153* a,- a,(-10
And 0 0 |2k + | k+ |4k, +k,)) ( 10i3)/ a, t A 3)
_ 3 - i = _
Y'(t) = a, +2a, T + 3, T+a, T + 52, TH(21.2) k)] 3k 1 (1_%2))/ (5t) (-51)
(i) Y(r,) and Y’(t,) : from eqgs. 4 and 5, the boundary value equations _Ellilkl -(20k0)
become: -(6.k * k) + + (20k
2| (12k, + ! a.-a/(l0
) sl s 5 0] o0 0 |+3Kk, 27| +5k) [a, | Hm %
Y(O=a,+a,1+a,1 +a, 7 +a, 1" +a,7° (221) i) | R 047, 5
d S (ot?)/ (-5it)
An (5 t;) ;
Y'(t) = a, +2a, T, + 3a, T,+4a, T,° + 53, 1,4(22.2) 1 . 2 o - - a, Y(1)
(ii1) Y(T,)and Y(T,): from eq.4the boundary value equations become:
0 1 2T 372 473 5t a, Y ‘(1)
Y(r)=a,+a 1 +a,1°+a, 1 +a, 1" +a 1°231)
And (25.1)
Y(t)=a,+a1,+a, 1’ +a 1, +a, 1" +a,1,°(23.2) BVP:Y(t) and Y (1))
This implies we now have five-main equations(egs.19.1 to 19.5) and 0k 0 (12k, + [ (20k, +
two boundary equations (eqs. 21.1 and 21.2 or 22.1 and 22.2 or 23.1 _(O.kz 1;( ’ 2k 0 4k, +k.) | 5k) k+a,-a,
and 23.2) with only six parameters (a,a,,a,,a,,a, and a,). Thus we need J:r k )4 X 1k+) -2.k) )| £3))/ a, (-t3)/ (-51)
to reduce the main equations from n=5 to n-1=4 to accommodate the Sl (-5t) (-5t)
two equations from the boundary conditions. Thus eqs.19.1 to 19.4 are -(0.k, ((12k, + | (20k, )
divided by eq.19.5 to give the required four equations as follows: 0 |+1k, ;(22.'11((1) -(6k,) 4(124 ;;)l;;) (‘;ng/ a, a, _(g4t()5 t)
+k) 3 i i i
[2ksa, + ko, +ka, +k + @] =[(20k, +5k)a+ (12k, + 4k, +k,)ad + > Eig 'i;()) (-5t)
a,] (-16)/(-5) (24.1) k| 6 |+ (12K + (25011‘1; .
0 | 0 |2k K+ 4kl | el e |5 a,(-10t,
[61(0&3 + (2k1 +12k3)a2+(k4+k5)a1+ al] = + k;) 31(3) (_10 tf)/ _/(Sts = 3) ('5 ti)
-5t !
[(20k,+5k,)a_+(12k, + 4k, +k )a4 + @ ] (5t*) /(-5t) (24.2) _((12 12
1 _20k0)
+4.k)+
[12k a,+(6k, +3k,)a, +(2k,+2k +k )a, + @] = -(6.k, (12k3 + | (20k, a.-a(10t?)
0 0 0 |+3k, ik +2k) +5k) |a, e i
[(20k,+5k,)a_ +(12k +4k +k )a4 @,] (-10t)/(-5t)(24.3) +k) (16 e )5/ (10t2)/ (-5t)
sty
fk, [20ka, + (12k, + 4k )a, + (6k, + 3k, +k Ja, + @ ] = (5t)
1 T, T’ T} T* T} a, Y(t)
[(20k, + 5k,)a.+ (12k, + 4k, +k,)ad + @] (10t*) /(-5t)(24.4)
Rearranging and combining eqs.24.1 to 24.4 with the boundary 0 1 M, |37 it STt Yi(t)
value equations result in the following sample simulation matrix in each (25.2)

case as follows:
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BVP:Y(t,) and Y(1,)

(12k, + | (20k, +
;((())tz 1_((0.;. -(2. 0 4k, +k,) Sk;) . k +a,-a,
11 1k | ) | (49))/ | % ) (51)
i (:5t) | (-5t)
((12k, + | (20k
-(0.k, | -(2. 2 1
4k, + k 5k, _ 4
N R (54:‘) )5/) (+5tv45))/ & “ (-?t(?ti)
+ kS) 2k3) (-51 t‘) (_Slt;) i
-(12.k)
+ (12k, | (20k +
-(2.1(2 —(6, 2 1
0 | 0 |+2Kk| k+ k+)4)121+0 (-il(;st)3) a, %—3%({;10;/\
+k) | 3k) |3 i = ) (-5t)
t2)/(-5| /(5t)
t)
+‘511§~1)<1+ -(20k0)
-6k, | ¥ | +(20k
2 (121( + 1 a-a (10 tz)
0 0 0 |+3k, | +2k) +5k) |a, 3 (_;t) ;
k) (lf)t.z)s/ 1o/ k
(_S‘t;) (-5t)
! R le T13 T14 T 3 Y(Tl)
1 T, Tzz 123 TZ4 T25 a, v (Tz)
(25,3)

A closer observation on the sample simulation matrices show
certain similar trends that can lead to generalization and extension to
higher order and matrix size. Thus a spreadsheet program has been
developed by the authors for handling higher order ODE’s and matrix
size.

Non-Linear ODE’s

The analyses here follow the same pattern as the linear case
explained in the previous section. Thus let us illustrate by converting the
general second order linear ODE of eq3 into second order non linear
form by making the y-coefficientvariable in the dependent variable as
highlighted in eq.26:

(k,+k,t + k,©)dY/ A + (k+k,0) dY/de + (k, + kY)Y + (1) + k, =
0(26)

Eq.26 is a second order nonlinear ODE. Thus by following similar
regression procedure as explained in the linear cases, the resulting
equation(for the sample case of n=>5) is:

[2kpa, +ka +ka +k(aa)+k +a]=k(aa,)(t"°) (27.1)

[6kga, + 2k, + 12k)a, + (k, +k)a + k (aa, +aa) + a ] =k(aa,)
(-10t%) (27.2)

[12kja, + (6k, + 3k )a, + (2k, + 2k, +k)a + k (aa,+aa +a) + @]

—k(a.a) (459 (27.3)

{k, [20kga, + (12k, + 4k,)a, + (6k, + 3k, +k)a + k (aa,+aa, +a,a +
aa) + ]

=k (aa) (-1200)(27.4)

[(20k1 + SkS)a5+ (12k2 + 4k4+k5)a4+ k6(a0a4+ aa +aa +aa + a4a0)
+a))

=k (a,a,) (210t°) (27.5)
[(20k,+ 5k, + k,)a+ k(aa,+aa, +2aa, +aa +a,a +2a3) +&,]

=k (aa) (-252¢) (27.6)

k(aa,+aa,+aa +aa +aa)=k(aa,)(210t") (27.7)

k(aa,+aa,+aa +aa, ) =k(aa,) (-120t) (27.8)

k(aa +aa +aa,)=k(aa,) (457) (27.9)

k(aa, +aa,) =k/(aa,) (-10t) (27.10)

Thus we have ten equations(eqs. 27.1 t0 27.10) with six unknowns(a -
--a,). Boundary conditions will also supply more equations. For
instance two boundary conditions will add additional two equations,
making a total of twelve. Following the usual procedure, we need to
modify eq. 27 set so as to match the number of unknowns. Instead of
merging /combining, we need to adopt a less cumbersome and easily
programmable technique of defining new variables so as to match the
number of equations.Thus by dividing egs. 27.1 to 27.9 by eq. 27.10
followed by dividing egs. 27.6 to 27.10 only with a,a, and defining c,
=aj/a;c,=ala; c,=a/a; c,=a/a, ¢ =a/lac =alaegs. 27 set now
becomes:

2k, + ka +ka +k(aa)+k +a]=k(aa +aa,)(t")/(-10t)
(28.1)

[6kja, + (2k + 2k )a, + (k, +k)a, + k(a2 +aa)+a ]

=k(aa +aa,) (-10t°) /(-10t) (28.2)

[12kga, + (6k, + 3k )a, + (2k, + 2k, +k )a, + k (a2, +aa, +aa) + & ]

=k (a,a,+a.a, )(45t%) /(-10t) (28.3)

[20kja, + (12k, + 4k,)a, + (6k, + 3k, +k )a, + k(aa, +aa, +a,a +
aa)+a,]

=k(aa +aa,) (-120t7) /(-10t) (28.4)

[(20k, + 5k,)a+ (12k, + 4k, +k)a, + k(aa, + aa, + aa, + aa, +
aa)+a,]
=k(aa +aa,) (210t°) /(-10t) (28.5)

[(20k, + 5k, + k,)c./a  + k (cic,+c.c, +c,c, +cc,+cc +cc) + A,

(a2))]
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=k(c,c,+c,c,) (-252t%/(-10t)) (28.6)

k(cc,+cc,+cc +cc, +cc)klcce +cc,) (210t") /(-10t) (28.7)
k (c,c,+cc,+cc +cc,)=k(cc +cc, )(-120t°) /(-10t) (28.8)

k (c,c,+cc, +c.c.)=k(cc, +c.c,) (457 /(-10t) (28.9)

Thus with these transformations, we now havenine equations with
twelve unkonws (a to a_ and ¢, to ¢,) remaining three more equations
to complete, which is supplied by the two boundary equations and the
identity: ¢, = 1. Eqs.28 set are non linear algebraic equations, which can
be solved by successine iterations or by newtons gradient methods via
matrix algebra. Once again close observation shows trends that can lead
to generalization to any order and matrix size.

Systems of differential equations

Let us illustrate the procedure by considering two simultaneous first
order ODE’s with constant coefficients as shown:

dX/dt +k X + kY +k,=0 (29.1)
dy/dt + kX +k .Y + k=0 (29.2)

Regressing the solutions implies:

X=a +at+at’+at + at +at+...(30.1)

Y =b,+bt+bt’+bt’+bt'+bt+...(30.2)

Thus

dX/dt =a, +2a,t’+ 3a,t’ + 4a t’ + 5at*+ ... (31)

dY/dt=b, +2b t+ 3b,t* + 4b " + 5b.t*+ ... (32)

inserting eqs.29to 32 into eq.28 set , expanding and marching term
by term with the corresponding modified binomial coeflicients leads to
the following equations ( for n=>5):

a, +ka, +kb +k = (ka, +kb)(-t) (33.1)
2a,+ka, + kb, = (ka, +kb)(5t9 (33.2)
3a, +kga, + kb, = (ka, +kb)(-10t?) (33.3)
da,+ka, + kb, = (ka,+Lkb)(10t?) (33.4)
5a,+ka, + kb, = (ka, +kb)(-5t) (33.5)

b, +ka, + kb, +k, =(ka, +kb,)(-t*) (33.6)
2b, +ka, +kb =(ka, +kb)(5t) (33.7)
3b, +k,a, + k,b, = (ka, +kb,)(-10t) (33.8)
4b, + k,a, + kb, = (ka +kb,)(10t?) (33.9)
5b, +k,a, + kb, = (ka, +kb,)(-5t) (33.10)

Note that t, are the values of the independent variable at the
solution interval specified. Thus we have ten linear equations with
twelve unknowns (a, to a, and b to b,), thus requiring two additional
equations to complete. These are supplied by the boundary conditions

of the problem. For the IVP where X(0) and Y(0) or X(T) and Y(T) are
given, thus providing additional two equations, hence no modifications

are needed in the eqs.33 set. However for BVP where the equations
are more than two, we need to make modifications in the eqs.33 set
to accommodate all the boundary value equations, as exhaustively
explained in the previous sections. Thus egs.33 set along with the
boundary value equations are solved via matrix algebra to give the
solutions of the systems of ODE, that is X and Y in this case. The sample
matrix is shown below (for IVP).

k|-1/0/0|0

1

k(t% |k 0 0|00

2

k-t |a, | | k

kG| 0 -k 0[]0 0] kGt |a| |k

00 |k|-3/0 11353_) 00|k 0|0|k(-10)]a, 0

000k -4/k(102) 0|00 k| 0]|k(100) | a, 0

0000k X lololololk k5t a 0
k (-5t) 2 s

Kk 0[0[0]0|k(t)|k|-1]0]0|0]|k(-t) |a |=| 0

kGt | 0 |-k |2 0|0 k(5t) |b 0

k(-

1043
, 108) k,(-108) | b 0

k,(102)| 0 | 0 | 0 |-k |-4|k(108) |b 0

0 0/0|0|k k(0|0 0/ 0] 0]k~ ;1;5(‘ b| | 0
1/ofojool o [ojolo 00| o |b| X0
0/ 0/0lojo| o |1/0/0/ 00| 0 |b| Y0

(34)

A closer look at the matrix equation shows trends that can lead to
generalization to any matrix size. Higher orders and variable coefficients
and non linear forms are equally handled as previously explained.

Applications

In this section, some chemical engineering applications are given
to demonstrate the accuracy, efficiency and generality of the present
method.

Unsteady continuous flow, well stirred mixer

Let us consider an unsteady continuous flow, well stirred mixer as
shown in figure 1.

inflow

Cin = 0.1 kg/L

WV = 60L,
10 kg salt

outflow

Qout = IL/min
cin)

an unsteady flow well stirred mixer

Fig.1:
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Tt is desired to find the concentration profile of the salt in the tank.
The governing differential model is:

dC/dt + 3C/(60 +2t) =0.5 , C(0) =10 (35)

We will use this example to illustrate the procedure for the new
method. Equation 35 is rearranged in the general linear ODE format
(eq.3) to give:

(60 +2t) dC/dt + 3C - t- 30 = 0 C(0) =10 (36)

This is a first order one point IVP problem(Y(0) given) of the
simulation matrix type, eq. 20, thus term by term comparison of eq.37
with the general linear ODE standard expression (eq,3) implies; k =0,

k=0, k,=0, k=60, k=2, k=3, & = -1, k, = -30, thus substitution of
these k-values along with the boundary values into the simulation
matrix(eq.20) results in the matr

3] -60| 0 0 0 1306) a -30
0 | -5 -120| 0 0 65(5t*) a, -1
0] 0 7 | -180 | o© -130(-108) | a, | = 0
- 24
0] 0 0 9 0| 300108 a 0
0] 0 0 0 11 -365(-5t) a, 0
1| 0 0 0 0 0 a 10
(37)

Thus for different values of t in the solution interval specified, in this
case 0 < t < 15; the matrix is evaluated for the parameters, a, from where
the corresponding values of C(t) is found.

eg. For t= 15, the matrix (eq.37) becomes:

-3 -60 0 0 0 9871875 % -30

0 -5 -120 0 0 ]3290625| a -1

0 0 -7 -180 | O 438750 a, _ 0

0 0 0 -9 ]-240 29250 a, 0

0 -11| -1275 a, 0

1 0 0 0 0 0 a, 10
(38)

Solving: a = 10,a,=5.27327801922824E-03,a,= 7.23473374599412E-
03, a=-2.0322811946676E-04, 3.71492261390852E-06,
a,=-3.20503127474461E-08,

a4=

thus, substituting these a, values into the regressed solution,
eq.4implies:

C(t) = 10+ 5.27327801922824E-03 t +7.23473374599412E-
03 t*  -2.0322811946676E-04 >  +3.71492261390852E-06t*-
3.20503127474461E-08 t° (39) therefore at t =15 in this case, the
corresponding C(t), from eq.39, is 11.18474911

Similar procedure is repeated for the next matrix size (n=6) and for
higher matrices until convergence.

Diffusion and first order chemical reaction in a catalyst slab

let us consider an example of diffusion and first order chemical
reaction in a catalystslab

(Figure. 2). (Rice and Do, 1995)

" Exterior
surface
v=1
vidx =0

b —— v=1
concentration
profile, yvix)

»—=1

*x=0
Figure 2: Diffusion and first order reaction in a catalyst slab.
The second order differential model and the boundary conditions
are:
D, d*C/dr*- kC =0 (40.1)
r=0;dC/dr =0, (40.2)
r=R; C=C, (40.3)
which in dimensionless forms are:
d2Y/dX?-¢?Y =0 (41.1)
X =0;dY/dX =0, (41.2)
X=1Y=1 (41.3)
Where
Y = C/C X=1/R; ¢’=kR*/D 0<=X <=1 (41.4)

Thisis a first order boundary problem, (Y(0) given) of the simulation
matrix type, eq. 25.2, thus term by term comparison of eq.37 with the
general linear ODE standard expression (eq,3) implies; kozl, k] =0, kZ:O,
k3=0, k4:0, kS: -100, a, = 0, k5 = 0, thus substitution of these k-values
along with the boundary values into the simulation matrix(eq.20) result
in the matrix:

-100(-1.X%)/
100/ 0 | -2 0 (5.3) 0 a, 0
-6.(5.X%)/ -100.(5.X%/
0 |100| 0 (5.%) (5.5) 0 a, 0
-112.(-10.X%)/ ~
0| 0 [100 0 (5.) 0 a, | =0
o ol o |100-10X3)/ T -100.(10.X7)/ [-20.(10.X%)/ 0
(-5.X) (-5.X) (-5.X)
0|10 0 0 0 0
1111 1 1 1 1
(42)

Chemical reaction in a fixed bed

let us consider an elementary second order differential equation:

d?y/x*-2dy/dx - 10y =00 < x < 1 (43.1)
x = 1;dy/dx =0, (43.2)

x=0;y=1(43.3)

This two point BVP can be used to describe a chemical reaction

occurring in a fixed bed.Since this a two point boundary problem,

simulation matrix eq.25.2 amd its higher forms are used, with the eq.43.1
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parameters in comparison with the general form, (eq,3) becoming;

kO:I, kI:O, kZ:O, k3:—2, k4:0, k5: -10, a, = 0, k6 = 0, thus substitution
of these k-values along with the boundary values into the simulation
matrix(eq.25.2) result in the sample simulation matrix for n=5:

. -10.(-1.X5)/  [-10.(-1.X°%)/
10| 2 |-20.(-1.X%)/(-5.X) (-5X) (5%) | % 0
0|10 4 |-6.(5.X%/(-5.X)|-10..(5.X%)/(-5.X) '1(():25% ) a 0
6.(-10.X%)/ -22.(-10.X%)/ | -10.(-10. _
01010 sx) (-5.X) x)/(-5x) |27 °
10. .(10.X%)/ X -30..(10.
000 (5X) -2..(10.X%)/(-5.X) X)/(5) |® 0
0/]1]2 3 4 5 a, 0
1/0/0 0 0 0 a 1
(43.4)

Seriesreaction in a constant volume batch reactor

Let us consider a constant volume batch reactor undergoing the
series the reaction sequence:

klkZ
AsB>C

For a first order kinetics, the differential equations describing the
process are:

dC,/dt =k C, (44.1)
dC,/dt=kC, - k,C, (44.2)

By including the coefficients and rearranging in standard format
(egs.28 set), eqs.44 set become:

dC,/dt+2C, = 0 (45.1)
dC,/dt-2C, +3C, =0 (45.2)

and term by term comparisons implies: k, = 2, k, = 0, k, = 0,
k, =-2,k, = 3, k, = 0; thus substitution of these k-values along with the
boundary values into the simulation matrix (eq.34) and its extensions,
result inthe sample simulation matrix for n=5:

20 -1(0[0]0|2(-1.t) |O[0O|[O0[0|O0]O0.11) |a 0

0| -2(2/0(0/2(5t)0/0[0|0]|0]| 0.5t |a 0

2.-108 0 00|00 0(108)a] | O

0] 0 |0|-2|42(10t5) 00000

54+ 2.(-
5.t)

2.-185 | -3]-1]0]0] 0

0.(10.5) |a,| | 0

0.(-5.t) |a 0

3.-1.6) |a|=| 0

2549 |0 |-3]-210]0]| 3.5t |b| |0

2.(-10.)| 0 | 0 |-3|-3| 0 |3.(-10.t) |b 0

2102 010 0 |-3|-4|3.(108) |b| | 0

-5+ 3.
2.(-5t)0/0]|0|0]|-3 (5.0) b, 0

1/01]0/0|O] O |O|O]O|JOJO| O |b| |1

0 |1{0j0|j0/O0O] O |b| |O

(46)

Second order chemical reaction in a plug flow reactor

Let us consider a second order chemical reaction in a plug flow
reactor(with no axial dispersion) as shown in figure 3 (Rice and Do,
1995).

Co
\( SuCle ( ( )SuCI:+n.z
| I 1 I

Figure 3: Schematic diagram of the plug flow reactor.

z=L

rr+ir

Thus the nonlinear differential model governing the formation of a
product(with no axial dispersion ) is as follows

udC/dz = kC? z= 0; C =C, (47)

where k=1; u=1 and C=1:0<2<09
rearranging in standard format of eq.26 implies:
udC/dz - kC?= 0 (48)

Thus term by term comparison of stabdard nonlinear eq.26 with
eq.48 implies: k(J =0; k1=0; k2=0; k3=1; k4:0; kS:O; k6=-1; f(t) =0; 19: 0

To illustrate the new procedure, eq.48 is a non linear first order
differential equation.Thus using eq.27 set and following the usual
procedure, the nonlinear ODE is solved using Newton’s gradient
method.

Diffusion and reaction in a porous spherical catalyst pellet

Finally, let us consider an important problem in chemical
engineering: to predict the concentration profile for a diffusion
andreaction in a porous spherical catalyst pellet, hence the overall
reactionrate of the catalyst pellet. The variable coefficient differential
model is:

D [1/r*d/dr(r*de/dr) | =k f(c), 0 <r<r, (49)
where

r = radial coordinate (rp: pellet radius)

D = diffusivity

¢ = concentration of the given chemical specie
k = rate constant

f(c) = reaction rate function

with

dc/dr = 0 at r = 0 (symmetry about the origin)
c=c atr= rp(concentration fixed at surface)

for an isothermal first order case, eq.50;in dimensionless form
becomes:

d*C/dR* + 2/R dC/dR =¢* C;0 <R < 1 (50)

with the boundary conditions:
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dC/dR=0at R =0 (51.1)
C=1atR=1 (51.2)

Where thele modulus, ¢, is :
¢ =1, (k/D)"* (51.3)

To simulate with the new generalized procedure, eq. 50 is first
arranged in standard format as follows:

R d?C/dR? + 2 dC/dR -¢?R C =0 (52)

For the case where ¢=2.236, the coefficients are k0 =0; k1 =1 k2 =
2; k3 =0; k4 =0; k5 =-(2.236%); k6 =0; k7 = 0; and the sample simulation
matrix (n=5) becomes:

(4k +k).
k..(t%)/(15. 2 220k, + 5.k ) (RY)/
k| -k, |-2k)| R?) .(R}gﬁ)(IS. 1(15.R22) a)| |k
-6k)+ | (4k +k)
a0 H @R Ry Cerpyas] 20K TSR T
5 k) |+2k) (515R2) RY) (-6.R%)/(15.R?) | 6
-6k + | -(12k) +
0o & -2k, 3.k2)-|; (4.k3+4k4). (20.k41+5.k2)2. al=| 0
+k) | k.(15RY)/| (15.R*)/ | (15.R")/(15.R?)
(15.R?) (15.R?»)
Gk + -(12.k,
K ') i +4k)+ | -(20k) + (20.k,
0 0 -k, K (30R3)/ (4k,+k).| +5k)(-20.R%/ |a, 0
5'( I5R ) (-20.R%)/ (15.R)
T2 (15.R)
0 1 0 0 0 0 a, 0
1 1 1 1 1 1 a, 1

(53)

Thus substituting the values of k’s and solving the matrix eq,53 and
the corresponding higher matrices within the solution interval, until
convergence.

Thus in all the above cases, the matrixes are evaluated for the
coefficients, a,s from where the solution of the ODE,Y is found by
substituting into eq.4. The procedure is repeated for higher matrices
until convergence, that is when there is no more significant different
between the values ofY for two adjacent matrices, signifying the
solution of the differential equation.All calculations are carried out by
the spreadsheet programs developed by the authors.

Results and Discussion

Tables 1 to 6 show the results of the new method for varying
chemical and process engineering applications. As observed, the
new method gave the accurate results when compared with the exact
(analytical) solutions, as can be seen from the absolute error, which
is the absolute difference between the new method and the actual
solution. Furthermore, the convergence is faster, since generally the
solution converges on or before the matrix size, N=45, as compared
with other numerical techniques (Table 7), which requires much
higher matrix/grid size, N to get closer to the actual solution.Finally
the general convergence sequence of the new method, shown in table 8
and illustrated in figure 4 ensures that the method always converges to
the solution, and does not have problems of overshoot andis free from
rounding off errorsencountered in the other methods. Above all the new
method is a generalized approach since as can be seen; a wide-range of
chemical and process engineering problems are solved using the same

Table 1: Comparison of exact solution with the simulated values forl*
order IVP eq.35.

{Unsteady continuous flow, well stirred mixer}

Exact/ o
t, | Analyticalsolution | Simulated matrix size absolute
min| C(t) = (60 + 2t)/10 + C(t) at error
4(60°2)(60 + 26)" convergence

0 10 10 6 0

1 10.00802098 10.00802098 6 4.32151E-09
2 10.03092189 10.03092188 8 4.81428E-09
3 10.06713669 10.06713669 10 1.33983E-09
4 10.11530507 10.11530507 11 3.21667E-09
5 10.17424034 10.17424034 12 6.31168E-09
6 10.2429031 10.24290311 13 1.1358E-08
7 10.32037947 10.32037948 15 4.7771E-09
8 10.40586311 10.4058631 16 9.47699E-09
9 10.49864006 10.49864008 17 1.87691E-08
10 10.59807621 10.59807617 19 3.75862E-08
11 10.7036066 10.7036064 19 2.03779E-07
12 10.81472644 10.81472549 19 9.52106E-07
13 10.93098345 10.93097952 19 3.92636E-06
14 11.05197134 11.05195678 19 1.45594E-05
15 11.17732422 11.17727495 19 4.92657E-05

Table 2: Comparison of exact solution with the simulated values for
2nd order BVP eq.41.

{ DIffusion and first order chemical reaction in a catalyst slab: }

ExactY(X) matrix
X 1Y =cosh(10X)/ | Simulated YXt) size at Absolute error
cosh(10) convergence

0.1 | 0.000140112 0.000140202 21 9.01968E-08
0.2 | 0.000341607 0.000341635 23 2.84627E-08
0.3 0.000914142 0.00091421 23 6.78325E-08
0.4 | 0.002479584 0.002479608 25 2.44105E-08
0.5 0.006738253 0.006738276 26 2.26291E-08
0.6 0.018315751 0.018315773 27 2.11771E-08
0.7 0.04978711 0.049787129 28 1.8919E-08
0.8 0.135335298 0.135335315 29 1.63902E-08
0.9 | 0.367879446 0.367879486 29 4.02786E-08

1 1 1 6 2.22045E-16

procedure/platform.Thus the new method is efficient, computationally
inexpensive, accurate and general.

Conclusion

In this work, a new generalized computational technique was
developed (and illustrated) for solving differential equations (both initial
and boundary value problems) in chemical and process engineering. This
follows the realization that any differential expression can be regressed
by the least square method and the coefficients of the regressed model
linked to that of the binomial formula. Thus a generalized simulation
matrix was developed for solvinga wide-rangedifferential equations
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Table 3: Comparison of exact solution with the simulated values for 2™ order BVP eq.43.

{Chemical reaction in a fixed bed).

X Exact Y(x) (Rice and Do, 1995) Simulated Y (x) matrix size at convergence Absolute error
0.1 0.793740702 15
0.2 0.630417 0.630417398 15 3.98E-07
0.3 0.501305011 16
0.4 0.399566 0.39956567 16 3.3E-07
0.5 0.319903016 16
0.6 0.258312 0.258312402 17 4.02E-07
0.7 0.211919956 17
0.8 0.178912 0.178911947 17 5.3E-08
0.9 0.158567132 18
1 0.151418 0.151418212 18 2.12E-07
Table 4: Comparison of exact solution with the simulate d values forC,and C, in eq. set 44.
{Seriesreaction in a constant volume batch reactor}.
¢ Exactsolution Simulated | matrix size at | Absolute C I;szaecrgtsc{)llu_ti?relrzt) Simulated matrix size at Absolute
C=e™ C,(® convergence error S 2k )-1y C, (1 convergence error
0.1 0.818730753 0.8187308 6 2.48E-09 0.1558125065 0.155825068 7 3.02E-09
0.2 0.670320046 0.67032 8 6.95E-10 0.24301682 0.243016823 9 3.10E-09
0.3 0.548811636 0.5488116 9 1.58E-09 0.284483953 0.284483954 11 1.09E-09
0.4 0.449328964 0.449329 10 2.02E-09 0.296269504 0.296269501 12 3.15E-09
0.5 0.367879441 0.3678794 11 1.94E-09 0.289498562 0.289498568 13 6.06E-09
0.6 0.301194212 0.3011942 12 1.58E-09 0.271790647 0.271790638 14 9.25E-09
0.7 0.246596964 0.246597 13 1.17E-09 0.248281071 0.24828107 16 1.51E-09
0.8 0.201896518 0.2018965 13 7.46E-09 0.222357129 0.222357131 17 1.93E-09
0.9 0.165298888 0.1652989 14 4.63E-09 0.196186751 0.196186749 18 2.27E-09
1 0.135335283 0.1353353 15 2.80E-09 0.17109643 0.171096432 19 2.51E-09

Table 5: Comparison of exact solution with the simulated values for C (z) in eq.48.

(Second order chemical reaction in a plug flow reactor}.

z Exactsolution (eq. 49) Simulated C (z) matrix size at convergence Absolute error
0.1 0.155825065 0.155825068 7 3.02493E-09
0.2 0.24301682 0.243016823 9 3.10372E-09
0.3 0.284483953 0.284483954 11 1.09387E-09
0.4 0.296269504 0.296269501 12 3.14708E-09
0.5 0.289498562 0.289498568 13 6.06374E-09
0.6 0.271790647 0.271790638 14 9.24747E-09
0.7 0.248281071 0.24828107 16 1.51027E-09
0.8 0.222357129 0.222357131 17 1.93307E-09
0.9 0.196186751 0.196186749 18 2.27169E-09

1 0.17109643 0.171096432 19 2.50546E-09

JScholar Publishers J Chem Proc Eng 2018| Vol 3: 101


https://www.jscholaronline.org/

11

Table 6: Comparison of exact solution with the simulated values forC (R) in eq. 51 set.

(Diffusion and reaction in a porous spherical catalyst pellet}.

R Exactsolution C = sinh(¢ R) / [R sinh (¢)] Simulated C (R) matrix size at convergence Absolute error
0.1 0.487553585 0.487553585 21 1.09387E-09
0.2 0.499792549 0.499792549 22 3.14708E-09
0.3 0.520600465 0.520600465 23 6.06374E-09
0.4 0.550607224 0.550607224 24 9.24747E-09
0.5 0.590726138 0.590726138 25 6.06374E-09
0.6 0.642186889 0.642186889 26 9.24747E-09
0.7 0.706580044 0.706580044 27 1.51027E-09
0.8 0.78591491 0.78591491 28 1.93307E-09
0.9 0.882692998 0.882692998 29 2.27169E-09
1 1 1 30 2.22045E-16
Table 7: Comparison of other numerical techniques with the new method for:dY/dt = -25Y, Y(0) = 1.
. ) Second-Order Runge-Kutta Method | Runge-Kutta-Gill Method Euler Method New Method
t | Analytical Solution N = 100 N = 800 N =100 N=80 | N=100 | N=800 0 N
0 1 1 1 1 1 1 1 1 6
0.2 6.74E-03 7.17E-03 6.74E-03 6.74E-03 6.74E-03 3.17E-03 | 6.22E-03 | 0.00674 37
0.4 4.54E-05 5.15E-05 4.55E-05 4.54E-05 4.54E-05 1.01E-05 | 3.87E-05 | 4.54E-05 45
0.6 3.06E-07 3.69E-05 3.07E-07 3.06E-07 3.06E-07 3.19E-08 | 2.41E-07 | 3.06E-07 45
Table 8: Convergence resultsfor C at t =15 min forl* order IVP eq.35.
{ Unsteady continuous flow, well stirred mixer }. .
matrix size,n C(t=15) values .
5 11.18474911
6 11.05810588 conc,
7 11.24139402
8 11.14320374 T
9 11.19536734 | 0 b L L
10 11.16783655
I I I 1
11 11.18229021 5 i
12 11.17473489 maires
Fig.d  Comverpence schems By Cart-15 min
13 11.17866995
14 11.17662674 of any order and forms. Both initial and boundary value problems are
treated using the same procedure, so also are the differential models
15 11.17768483 arising from them and include:, homogeneous/non-homogeneous,
linear/non-linear , constant/variable coefficients, 1%,2™ or higher
16 11.17713815 orders, and systems of simultaneous differential equationsboth for
Ordinary and partial differential equations.In this first publication,
17 11.17742004 ordinary differential equations were illustrated. In subsequent articles,
we extend the new method to partial differential equations.
18 11.17727495
19 11.17727495
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